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Abstract
This paper is devoted to study some topological properties of the SG subgroup,
pisg1 (X, x), of the quasitopological fundamental group of a based space (X, x), pi
qtop
1 (X, x),
its topological properties as a subgroup of the topological fundamental group piτ1 (X, x)
and its influence on the existence of universal covering of X. First, we introduce small
generated spaces which have indiscrete topological fundamental groups and also small
generated coverings which are universal coverings in the categorical sense. Second,
we give a necessary and sufficient condition for the existence of the small generated
coverings. Finally, by introducing the notion of semi-locally small generatedness we
show that the quasitopological fundamental groups of semi-locally small generated
spaces are topological groups.
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1. Introduction and Motivation
As it is shown in [11], there exist special subgroups of fundamental groups of
non-homotopically Hausdorff spaces which have great influence on their coverings.
In fact, if a space X is not homotopically Hausdorff, then there exists x ∈ X and a
nontrivial loop in X based at x which is homotopic to a loop in every neighborhood
U of x (see [8] for the definition of homotopically Hausdorffness). Z. Virk [14] called
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these loops as small loops and showed that for every x ∈ X they form a subgroup
of pi1(X, x) which is named small loop group and denoted by pi
s
1(X, x). In general,
various points of X have different small loop groups and hence in order to have a
subgroup independent of the base point, Virk [14] introduced the SG (small gener-
ated) subgroup, denoted by pisg1 (X, x), as the subgroup generated by the following
set
{[α ∗ β ∗ α−1] | [β] ∈ pis1(X,α(1)), α ∈ P (X, x)},
where P (X, x) is the space of all paths from I into X with initial point x. Virk [14]
calls a space X a small loop space if pis1(X, x) = pi1(X, x) 6= 1 for all x ∈ X. The
authors [11] showed that for a covering p : (X˜, x˜) → (X, x) the following relations
hold:
pis1(X, x) ≤ pisg1 (X, x) ≤ p∗pi1(X˜, x˜).
It should be noted that by a result of Spanier [13, §2.5 Lemma 11] one has
pisg1 (X, x) ≤ pi(U , x) ≤ p∗pi1(X˜, x˜), (∗)
where U is any open cover of X by evenly covered open sets and pi(U , x) is the
subgroup of pi1(X, x) generated by all elements of the form [α ∗ β ∗ α−1], for all
α ∈ P (X, x) and [β] ∈ pi1(U, α(1)) for some U ∈ U . We also showed [11] that if X˜ is
a small loop space, then a covering p : (X˜, x˜) −→ (X, x) is the universal covering for
which p∗pi1(X˜, x˜) = pis1(X, x) and called it small covering. Moreover, the authors [11]
showed that a connected and locally path connected space has a small covering if
and only if it is a semi-locally small loop space. A space is called a semi-locally small
loop space if for every x ∈ X there exists an open neighborhood U of x such that
i∗pi1(U, y) = pis1(X, y), for all y ∈ U , where i : U ↪→ X is the inclusion map. If X is a
semi-locally small loop space, then for every x ∈ X we have pis1(X, x) = pisg1 (X, x) and
so small loop groups are isomorphic for different base points [11, Lemma 4.2]. Since
the SG subgroup does not depend on the base point even for spaces with various
small loop groups, we are interested in finding out some conditions which guaranty
the existence of a covering p : (X˜, x˜) −→ (X, x) with p∗pi1(X˜, x˜) = pisg1 (X, x).
Endowing a topology on the familiar fundamental group pi1(X, x) as a quotient
of the loop space Ω(X, x) equipped with the compact-open topology with respect
to the canonical map Ω(X, x) −→ pi1(X, x) identifying path components, the qua-
sitopological fundamental group piqtop1 (X, x) was introduced by D. Biss [2]. It should
be mentioned that piqtop1 (X, x) is a quasitopological group in the sense of [1], that is, a
group with a topology such that inversion and all translations are continuous, and it
is not always a topological group (see [4, 7]). Also, the topological fundamental group
piτ1 (X, x) is the fundamental group endowed with another topology introduced by J.
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Brazas [5]. In fact, Brazas gives a topology to piτ1 (X, x) by removing the smallest
number of open sets from the topology of piqtop1 (X, x) in order to make it a topological
group.
The existence of a covering p : (X˜, x˜) −→ (X, x) with p∗pi1(X˜, x˜) = pisg1 (X, x) is
depended on the topology of pisg1 (X, x) in pi
qtop
1 (X, x) (see correction of [2, Theorem
5.5] in [12]):
(1.1) Given a connected and locally path connected space X and a subgroup H of
pi1(X, x), there is a covering p : X˜ −→ X with p∗pi1(X˜, x˜) = H if and only if H
contains a normal subgroup of pi1(X, x) which is open in pi
qtop
1 (X, x); in which case
H itself is open in piqtop1 (X, x).
Since pisg1 (X, x) is normal in pi1(X, x), there is a covering p : X˜ −→ X with p∗pi1(X˜, x˜) =
pisg1 (X, x) if and only if pi
sg
1 (X, x) is an open subgroup of pi
qtop
1 (X, x). Moreover, in
this case pi1(X˜, x˜) = pi
sg
1 (X˜, x˜). (cf. [11, Theorem 4.7]).
In this paper, we call such coverings as small generated covering. At first, by
showing that every open neighborhood of the trivial element in piqtop1 (X, x) con-
tains pisg1 (X, x), we conclude that topological fundamental groups of small generated
spaces are indiscrete topological groups. A space X is said to be small generated if
pi1(X, x) = pi
sg
1 (X, x) for all x ∈ X. Also, we show that every nonempty open subset
of piqtop1 (X, x) is a union of some cosets of the normal subgroup pi
sg
1 (X, x) and hence
the (quasi)topological fundamental groups of non-homotopically Hausdorff spaces
will be described somehow. Furthermore, by some examples, we show that pisg1 (X, x)
is not necessarily an open or a closed subgroup.
In Section 3, we introduce small generated coverings and show that they are
universal coverings in the categorical sense, that is, a covering p : X˜ −→ X with the
property that for every covering q : Y˜ −→ X with a path connected space Y˜ there
exists a unique covering f : X˜ −→ Y˜ such that q ◦ f = p. Moreover, we find the
necessary and sufficient condition semi-locally small generatedness for the existence
of small generated coverings which is an answer to the question at the end of [11].
We call a space X semi-locally small generated if for every x ∈ X there exists an
open neighborhood U of x such that i∗pi1(U, x) ≤ pisg1 (X, x). In fact, we show that in
a connected and locally path connected space X, semi-locally small generatedness is
equivalent to the property that a subset U ⊆ piqtop1 (X, x) is open if and only if U is
a union of some cosets of pisg1 (X, x), for every x ∈ X.
It has been shown that the group multiplication in the quasitopological fundamen-
tal group introduced by Biss [2] is not necessarily continuous (see [4, 7]). Therefore,
it seems interesting to find out when quasitopological fundamental groups are topo-
logical groups. In Section 4, we prove that quasitopological fundamental groups of
semi-locally small generated spaces are topological groups.
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Throughout this article, all the homotopies between two paths are relative to end
points, X is a topological space with the base point x ∈ X, and p : X˜ −→ X is a
covering of X with x˜ ∈ p−1({x}) as the base point of X˜.
2. Topology of the Small Generated Subgroup
The SG subgroup of the fundamental group of a space X first was introduced by
Virk [14] and is the subgroup of pi1(X, x) generated by the set {[α ∗ β ∗ α−1] | [β] ∈
pis1(X,α(1)), α ∈ P (X, x)}. It is shown that pisg1 (X, x) is a normal subgroup of
pi1(X, x) and it is point free, that means, for every x, y ∈ X, pisg1 (X, x) ∼= pisg1 (X, y)
[14]. Also, since the presence of small loops is equivalent to the absence of homotopi-
cally Hausdorffness, a spaceX is homotopically Hausdorff if and only if pisg1 (X, x) = 1.
Definition 2.1. For a topological space X, a loop α : I −→ X based at x is called
small generated if [α] ∈ pisg1 (X, x).
Since the homotopy classes of small loops have a representative in every neigh-
borhood of their base point, they belong to the topological closure of the homo-
topy class of the constant loop in the quasitopological fundamental group. For, if
W = ⋂ni=1〈Ki, Ui〉 is a basis open neighborhood of the constant path ex in the space
of x based loops in X, Ω(X, x), then U =
⋂n
i=1 Ui is an open neighborhood of x.
For the small loop α based at x there exists a loop αU : I −→ U homotopic to
α which implies that every open neighborhood of the trivial element in piqtop1 (X, x)
contains pis1(X, x). Using this fact, the authors [10] proved that small loop spaces
have indiscrete quasitopological fundamental group. Biss [2] showed that the Har-
monic Archipelago has also indiscrete quasitopological fundamental group. But, for
Harmonic Archipelago we have pi1(HA, 0) = pi
sg
1 (HA, 0) and hence it seems that
the homotopy class of small generated loops do also belong to the closure of the
trivial element in the topological fundamental group, as it is shown in the following
theorem.
Theorem 2.2. If (X, x) is a pointed topological space and U is an open neighborhood
of the identity element [ex] ∈ piqtop1 (X, x), then pisg1 (X, x) ⊆ U . Moreover pisg1 (X, x) ⊆
{[ex]}.
Proof. First we show that every open neighborhood of [ex] contains every generator
of pisg1 (X, x). For this, let W be an open neighborhood of [ex] and [α ∗ β ∗ α−1]
be a generator of pisg1 (X, x). Since [α ∗ α−1] = [ex], α ∗ α−1 ∈ q−1(W ), where q :
Ω(X, x) −→ pi1(X, x) is the quotient map with q(α) = [α]. Hence there exists a basic
open neighborhood U = ⋂ni=1〈Ki, Ui〉 of α ∗ α−1 in Ω(X, x) such that U ⊆ q−1(W ).
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Let A = {i ∈ {1, 2, ..., n}| 1/2 ∈ Ki} and B = {i ∈ {1, 2, ..., n}| 1/2 /∈ Ki}. Since⋃
i∈BKi is compact, there exists δ1 > 0 such that for every i ∈ B, [1/2−δ1, 1/2+δ1]∩
Ki = ∅. If A 6= ∅, then V =
⋂
i∈A Ui is a nonempty open subset of X that contains
α(1) = β(0) = (α ∗ α−1)(1/2). Choose δ2 > 0 such that [1− 2δ2, 1] ⊆ α−1(V ). Since
[β] ∈ pis1(X,α(1)), there exists a loop β′ : I −→ V such that [β] = [β′]. If A = ∅,
put δ2 = 1/2 and β
′ = β. Define f : I −→ X by
f(t) =

α(2t) 0 ≤ t ≤ 1/2
β′ ◦ ϕ1(t) 1/2 ≤ t ≤ 1/2 + δ/2
α−1(2ϕ2(t)− 1) 1/2 + δ/2 ≤ t ≤ 1/2 + δ
α−1(2t− 1) 1/2 + δ ≤ t ≤ 1,
where δ = min{δ1, δ2}, ϕ1 : [1/2, 1/2 + δ/2] −→ I and ϕ2 : [1/2 + δ/2, 1/2 + δ] −→
[1/2, 1/2+δ] are linear homeomorphisms with ϕ1(1/2) = 0 and ϕ2(1/2+δ/2) = 1/2.
By gluing lemma, f is continuous and hence is a loop such that [f ] = [α ∗ β ∗ α−1].
We show that f ∈ ⋂ni=1〈Ki, Ui〉.
For every i ∈ B, f(Ki) ⊆ Ui since Ki ⊆ I \ [1/2 − δ, 1/2 + δ], f |I\[1/2,1/2+δ] =
α ∗ α−1|I\[1/2,1/2+δ] and α ∗ α−1(Ki) ⊆ Ui.
If A 6= ∅, then for every i ∈ A, f(Ki) ⊆ Ui since f |I\[1/2,1/2+δ] = α ∗ α−1|I\[1/2,1/2+δ],
α ∗ α−1(Ki) ⊆ Ui and f([1/2, 1/2 + δ]) ⊆ V ⊆ Ui.
Therefore f ∈ ⋂ni=1〈Ki, Ui〉 ⊆ q−1(W ) which implies that [α ∗ β ∗ α−1] = [f ] ∈ W .
For a given g ∈ pisg1 (X, x) we show that g ∈ U . There are finitely many generators
of pisg1 (X, x), [αi ∗ βi ∗ α−1i ] for i = 1, 2, ...,m, such that g = [α1 ∗ β1 ∗ α−11 ][α2 ∗
β2 ∗ α−12 ]...[αm ∗ βm ∗ α−1m ]. Since U is an open neighborhood of [ex], by the above
discussion [α1 ∗β1 ∗α−11 ] ∈ U . piqtop1 (X, x) is a homogeneous space (see [6]) and hence
[α1 ∗β1 ∗α−11 ]−1U is an open neighborhood of [ex] which implies that [α2 ∗β2 ∗α−12 ] ∈
[α1 ∗ β1 ∗ α−11 ]−1U . By a similar argument we have
[αm ∗ βm ∗ α−1m ] ∈ [αm−1 ∗ βm−1 ∗ α−1m−1]−1...[α2 ∗ β2 ∗ α−12 ]−1[α1 ∗ β1 ∗ α−11 ]−1U
and therefore g ∈ U . Moreover, since piqtop1 (X, x) is a quasitopological group and
hence all translations are homeomorphism, the previous result implies that pisg1 (X, x) ⊆
{[ex]}.
Remark 2.3. By [1, Proposition 1.4.13] the closure H of a subgroup H of a qua-
sitopological group G is also a subgroup of G. As a consequence, it is routine to show
that the closure {1} of the identity element of G is always a closed normal subgroup
of G, which equals G if and only if G has indiscrete topology. Also, it is easy to
see that every nonempty closed set (and hence every nonempty open set) of G is a
disjoint union of cosets of the closure of the identity.
5
The following corollaries are direct consequences of the inclusion pisg1 (X, x) ⊆
{[ex]} and the above remark.
Corollary 2.4. Every nonempty open or closed subset of piqtop1 (X, x) is a disjoint
union of some cosets of pisg1 (X, x) and also some cosets of pi
sg
1 (X, x)..
Corollary 2.5. For a pointed topological space (X, x), if {[ex]} is closed (or equiva-
lently the topology of piqtop1 (X, x) is T0), then X is homotopically Hausdorff.
Remark 2.6. Note that by Corollary 2.4 pisg1 (X, x) is a union of some cosets of
pisg1 (X, x) and pi
sg
1 (X, x) = {[ex]}. Also, pisg1 (X, x) is a dense subgroup of piqtop1 (X, x)
if and only if piqtop1 (X, x) is an indiscrete topological group.
Let G be a quasitopological group. If {1} has finite index in G, then {1} is both
closed and open in G. Using this fact, pisg1 (X, x) = {[ex]} and (1.1), we have the
following corollaries.
Corollary 2.7. If pisg1 (X, x) is a finite index subgroup of pi
qtop
1 (X, x), then pi
qtop
1 (X, x)
is an indiscrete topological group if and only if X has no non-trivial covering.
Corollary 2.8. If pisg1 (X, x) is a finite index subgroup of pi
qtop
1 (X, x) and pi
qtop
1 (X, x)
is connected, then piqtop1 (X, x) is an indiscrete topological group and therefore X has
no non-trivial cover.
Note that if pisg1 (X, x) is a finite index subgroup of pi
qtop
1 (X, x) or pi
qtop
1 (X, x) is
finite, then the above corollaries hold.
In the following example, we show that there exists a metric space X such that
pisg1 (X, x) is not closed and hence pi
sg
1 (X, x) 6= {[ex]}. Note that here X is not locally
path connected.
Example 2.9. Let Y1 = {(x, y) ∈ R2 | x2 + y2 = (1/2 + 1/n)2, n ∈ N}, Y2 =
{(x, y) ∈ R2 | x2 + y2 = 1/4} ∪ {(x, 0) ∈ R2 | 1/2 ≤ x ≤ 3/2} and Y = Y1 ∪ Y2
with x = (3/2, 0) = a as the base point (see Figure 1). Let fi : S
1 −→ Si be a
homeomorphism from the 1-sphere into Y such that fi((1, 0)) = (1/2 + 1/i, 0), where
Si = {(x, y) ∈ R2 | x2 + y2 = (1/2 + 1/i)2}, for every i ∈ N. Put X0 = Y and let
Xi = Xi−1 ∪fi Ci, where Ci is a cone over S1 with height 1, be the space obtained by
attaching the cone Ci to Xi−1 via fi, for all i ∈ N. Consider X =
⋃
i∈NXi, then X is
a connected, locally simply connected metric space and hence pisg1 (X, x) is trivial. Let
αi : I −→ [1/2+1/i, 3/2]×{0}×{0} be a linear homeomorphism such that αi(0) = a
for every i ∈ N, α : I −→ [1/2, 3/2] × {0} × {0} be a linear homeomorphism such
that α(0) = a and f : I −→ X defined by f(t) = 1/2(cost, sint, 0). Therefore the
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aFigure 1:
sequence αn∗fn∗α−1n uniformly converges to α∗f ∗α−1. For every n ∈ N, αn∗fn∗α−1n
is a null homotopic loop which implies that 1 6= [α ∗ f ∗ α−1] ∈ {[ea]} = pisg1 (X, x).
Note that the uniform topology and compact open topology are equivalent in the loop
space of a metric space.
Definition 2.10. We call a space X small generated if pi1(X, x) = pi
sg
1 (X, x), for
every x ∈ X.
Remark 2.11. By Theorem 2.2 every open neighborhood of trivial element of piqtop1 (X, x)
contains pisg1 (X, x). Hence if X is a small generated space, then pi
qtop
1 (X, x) is an
indiscrete topological group. Note that using this fact, we have another proof for in-
discreteness of piqtop1 (HA, 0) since HA is a small generated space. It should be noted
that the converse of the above fact is not necessarily true. For example, the space
X introduced in Example 2.9 is non-simply connected and homotopically Hausdorff
space which implies that pisg1 (X, x) 6= pi1(X, x), but it has indiscrete topological fun-
damental group. Note that [α ∗ f ∗ α−1] generates pi1(X, a) and by the argument at
the end of Example 2.9 [α ∗ f ∗ α−1] ∈ {[ex]} which implies that pi1(X, x) ⊆ {[ex]}.
Hence piqtop1 (X, x) is an indiscrete topological group.
A space X is called a semi-locally small loop space if for each x ∈ X there exists
an open neighborhood U of x such that i∗pi1(U, y) = pis1(X, y), for all y ∈ U , where
i : U ↪→ X is the inclusion map (see [11]). The authors [11, Theorem 4.6] proved
that for a connected, locally path connected and semi-locally small loop space X, X
is a small loop space if and only if piqtop1 (X, x) is an indiscrete topological group if and
only if every covering p : X˜ −→ X is trivial. Now, by the inclusion pisg1 (X, x) ⊆ {[ex]}
7
it follows that density of pisg1 (X, x) in pi
qtop
1 (X, x) is another equivalent condition to
the above statements
Remark 2.12. Note that since the topology of piτ1 (X, x) is coarser than the one
of piqtop1 (X, x), in fact pi
τ
1 (X, x) and pi
qtop
1 (X, x) have the same open subgroups [5,
Corollary 3.9], and piτ1 (X, x) is always a topological group, it is routine to check that
all the results of this section hold if we replace piqtop1 (X, x) with pi
τ
1 (X, x). Also, note
that the topological closure of pisg1 (X, x) in pi
qtop
1 (X, x) is a subset of the topological
closure of pisg1 (X, x) in pi
τ
1 (X, x).
3. Small Generated Coverings
By convention, the term universal covering will always mean a categorical uni-
versal object, that is, a covering p : X˜ −→ X, where X˜ is path connected with the
property that for every covering q : Y˜ −→ X with a path connected space Y˜ there
exists a unique covering r : X˜ −→ Y˜ such that q ◦ r = p. The following proposition
was proved in [11]. It should be noted that the second inclusion also follows from
[13, §2.5 Lemma 11].
Proposition 3.1. For every covering p : X˜ −→ X and x ∈ X the following relations
hold:
pis1(X, x) ≤ pisg1 (X, x) ≤ p∗pi1(X˜, x˜).
Since the image subgroup p∗pi1(X˜, x˜) in pi1(X, x) consists of the homotopy classes
of loops in X based at x whose lifts to X˜ starting at x˜ are loops, for a covering
p : X˜ −→ X and [α] ∈ pisg1 (X, x) every lift of α in X˜ is a loop. The following
proposition comes from the local homeomorphism property of p and the injectivity
of p∗. (cf. proof of [11, Theorem 4.7]).
Proposition 3.2. If p : (X˜, x˜) −→ (X, x) is a covering, then p∗pisg1 (X˜, x˜) = pisg1 (X, x).
By the above result every covering space of a small generated space X is home-
omorphic to X.
Definition 3.3. By a small generated covering of a topological space X we mean a
covering p : X˜ −→ X such that X˜ is a small generated space.
The following corollary is an immediate consequence of Proposition 3.2 and Def-
inition 3.3.
Corollary 3.4. A covering p : X˜ −→ X is a small generated covering if and only if
pisg1 (X, x) = p∗pi1(X˜, x˜).
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In classical covering theory, for a connected and locally path connected space
X, the existence of simply connected (universal) covering p : (X˜, x˜) −→ (X, x) is
equivalent to the semi-locally simply connectedness of X that means for every y ∈ X
there exists a neighborhood U of y such that i∗pi1(U, y) ≤ p∗pi1(X˜, x˜) = 1. By [13,
§2.5 Theorem 13] , for a connected and locally path connected X, there is a covering
p : (X˜, x˜) −→ (X, x) with p∗pi1(X˜, x˜) = pisg1 (X, x) if there is an open cover U of
X such that pi(U , x) ⊆ pisg1 (X, x). Since pisg1 (X,α(0)) = [α]pisg1 (X,α(1))[α−1] for all
paths α in X, we may combine this fact with (*) to obtain the following criterion:
For a connected and locally path connected topological space X, there is a small
generated covering p : (X˜, x˜) −→ (X, x) if and only if every y ∈ X has an open
neighborhood U in X such that i∗pi1(U, y) ⊆ pisg1 (X, y), where i : U ↪→ X denotes
inclusion. (Note that for path connected U , i∗pi1(U, u) ⊆ pisg1 (X, u) holds for some
u ∈ U if and only if it holds for all u ∈ U .) Moreover, by (*), a small generated
covering of X satisfies the lifting criterion [13, §2.4 Theorem 5 and §2.5 Lemma 1]
to all other coverings of X and hence is a universal covering of X.
Definition 3.5. We call a space X semi-locally small generated if and only if for
each x ∈ X there exists an open neighborhood U of x such that i∗pi1(U, x) ≤ pisg1 (X, x),
where i : U ↪→ X is the inclusion map.
Theorem 3.6. A connected, locally path connected space X has a small generated
covering if and only if X is a semi-locally small generated space. Also, a small
generated covering of X is a universal covering of X.
Example 3.7. Every small generated space is semi-locally small generated. Also, the
product X×Y is semi-locally small generated if both X and Y are semi-locally small
generated. If (X, x) is a pointed small generated space and (Y, y) is first countable and
locally simply connected at y, then the one point union X ∨ Y = X∪Y
x∼y is semi-locally
small generated.
Since every null homotopic loop is also a small loop, semi-locally simply connected
spaces are also semi-locally small generated. Calcut and McCarthy [6] proved that
for connected and locally path connected spaces, semi-locally simply connectedness
is equivalent to openness of [ex] that makes pi
qtop
1 (X, x) a discrete topological group.
Here we extend this result in the following theorem using Corollary 2.4 and (1.1).
Theorem 3.8. Let X be a connected and locally path connected space. Then the
following statements are equivalent:
(i) X is semi-locally small generated.
(ii) For each x ∈ X, every nonempty subset U of piqtop1 (X, x) is open if and only if
U is a union of some cosets of pisg1 (X, x).
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In the following, we give an example of a small generated covering.
Example 3.9. Let (S1, 0) be the unique circle, (HA, x) be the Harmonic Archipelago,
where x is the common point of boundary circles and X = S1 ∨ HA be their one
point union. Consider the space Y = R
⋃
(Z×HA) with the equivalence relation
n ∼ (n, x), for every n ∈ Z and let X˜ = Y/ ∼. Define p : X˜ −→ X such that p
wraps R around S1 like exponential map and sends identically Harmonic Archipelago
to itself at every integer. Obviously p : X˜ −→ X is a covering and since every loop in
X˜ is small generated, X˜ is a small generated space and hence p is a small generated
covering.
The following corollary follows from the inclusion pisg1 (X, x) ⊆ {[ex]}, Theorem
3.6 and (1.1).
Corollary 3.10. If X is a connected, locally path connected and semi-locally small
generated space, then the following statements are equivalent.
(i) pisg1 (X, x) is a dense subgroup of pi
qtop
1 (X, x).
(ii) pitop1 (X, x) is an indiscrete topological group.
(iii) every covering p : X˜ −→ X is trivial.
(iv) X is a small generated space.
4. An Application to Quasitopological Fundamental Groups
After that Fabel [7] and Brazas [4] showed that the quasitopological fundamental
group introduced by Biss [2] fails to be a topological group, in general, there is
an open question that when quasitopological fundamental groups are topological
groups. Calcut and McCarthy [6] proved that the topology of fundamental group
of a locally path connected and semi-locally simply connected space is discrete and
so this space has the quasitopological fundamental group as topological group. The
counterexamples of Fabel [7] and Brazas [4] show that piqtop1 is not a functor into the
category of topological groups. Brazas [5] introduced a new topology on fundamental
groups made them topological groups and denoted this new functor by piτ1 . For
a topological space X, piqtop1 (X, x) and pi
τ
1 (X, x) has the same underlying set and
algebraic structure but different topologies. In fact, the topology of piτ1 (X, x) is
obtained by removing some open subsets of piqtop1 (X, x) and hence the topology of
piτ1 (X, x) is coarser than the topology of pi
qtop
1 (X, x). Since it is not known which open
subsets of piqtop1 (X, x) are removed, working with pi
qtop
1 (X, x) seems easier. Also, if
piqtop1 (X, x) is a topological group, then pi
qtop
1 (X, x)
∼= piτ1 (X, x) as topological groups
[4]. Therefore, the question“What kind of topological structure is piqtop1 (X, x)?” is
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still interesting. In the following theorem we show that quasitopological fundamental
groups of semi-locally small generated spaces are topological groups.
Theorem 4.1. The quasitopological fundamental group of a semi-locally small gen-
erated space is a topological group.
Proof. It is sufficient to show that the group multiplication is continuous. Assume
that X is a semi-locally small generated space and µ : piqtop1 (X, x)× piqtop1 (X, x) −→
piqtop1 (X, x) is the group multiplication. Let U be an open neighborhood of [α][β] =
[α∗β] for [α], [β] ∈ piqtop1 (X, x), where ∗ is the operation of concatenation of two paths.
We show that there are open neighborhoods V and W of α and β, respectively, such
that µ(V,W ) ⊆ U . Since every open subset of piqtop1 (X, x) is a union of some cosets
of pisg1 (X, x), ([α][β])pi
sg
1 (X, x) ⊆ U . By Theorem 3.8, pisg1 (X, x) is open and hence
V = [α]pisg1 (X, x) and W = [β]pi
sg
1 (X, x) are open neighborhoods of [α] and [β],
respectively. Also, µ([α]pisg1 (X, x), [β]pi
sg
1 (X, x)) = ([α][β])pi
sg
1 (X, x) by normality of
pisg1 (X, x), as desired.
Remark 4.2. Note that if X is semi-locally small generated, then by the above the-
orem and the definition of piτ1 (X, x) we have pi
qtop
1 (X, x) = pi
τ
1 (X, x). Hence Theorem
3.8 and Corollary 3.10 hold if we replace piqtop1 (X, x) with pi
τ
1 (X, x).
Since every semi-locally small loop space is also semi-locally small generated, then
we have the following result.
Corollary 4.3. The quasitopological fundamental group of a semi-locally small loop
space is a topological group.
The authors [10] showed that the quasitopological fundamental groups of small
loop spaces are indiscrete topological groups (note that this fact also follows from
the inclusion pisg1 (X, x) ⊆ {[ex]}). Also, therein, using the results of [9], the authors
introduced a class of spaces with quasitopological fundamental groups as prodiscrete
topological groups. Note that all known quasitopological fundamental groups which
are topological group have discrete, indiscrete or prodiscrete topology. In the next
example, we show that the quasitopological fundamental groups of semi-locally small
generated spaces do not have necessarily these topologies.
Example 4.4. By Example 3.9, the space X = S1∨HA has small generated covering
and hence piqtop1 (X, x) is a topological group. Since X is a metric space and the
uniform topology and the compact open topology are equivalent in metric spaces,
pisg1 (X, x) 6= piqtop1 (X, x) which implies that the topology of piqtop1 (X, x) is not indiscrete.
Also, by a corollary of [3, III.7.3, Proposition 2] prodiscrete topological groups are
totally disconnected and hence piqtop1 (X, x) is not a prodiscrete topological group since
it is not totally disconnected by Theorem 2.2.
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